Figure B7.2.1 (A) A typical constant velocity compensated gradient waveform and (B) phase accumulated by stationary spins (solid line) and constant velocity spins (dashed line) as functions of time during the presence of such a readout gradient. The shaded gradients sum to zero as required to cause stationary spins to form an echo. The 1:−2:1 ratio of the gradient lobe areas leads to velocity compensation. The ADC on time is shown to remind the reader that sampling occurs only at the second gradient echo during the ADC on period.
elimination, we consider several examples of uncompensated and velocity compensated images. Figure B7 .2.2 shows phase images of a flow phantom before and after the compensation technique applied in the read direction. The compensated sequence successfully eliminates the phase variation across the cylinder containing the flowing spins; thus, the source of phase variation which leads to motion artifacts is gone. In Figure  B7 .2.3, a set of neck images is presented to compare the differences between a velocity compensated image and an uncompensated image in the read direction. The compensated image has no motion artifacts and the vessels which were originally almost completely dephased have now come back to life and are sharply delineated.
In the phase encoding direction, because the stationary phase has to satisfy the Nyquist theorem and it is not zero in general (although the phase term associated with motion has to be zero at the echo time), the design of a gradient waveform in the phase encoding direction needs some attention. An ideal design is shown in Figure B7 .2.4 and a more realistic waveform is shown in Figure B7 .2.5. Although it might be more involved to design a velocity compensated waveform in the phase encoding direction than in the read or slice select direction (for a 2-D sequence), one of the major concepts is that the velocity phase part is required to be zero at the echo time. When the echo time changes, the gradient waveform will need to be redesigned because the choice of time origin affects the calculation of this velocity phase term. This is discussed in the advanced material section below.
In the slice select direction, the gradient waveform design can be as simple as in the read direction, or it can be as complicated as in the phase encoding direction if a 3-D velocity compensated image is required. Figure B7 .2.6 shows the gradient waveforms in the slice select direction to null the phase (at the echo or the desired time t 1 in Fig. B7 Phase image of the same object now obtained with a velocity compensated structure shows that the image phase is velocity independent. The stripes in the vertical direction represent phase changing linearly from −π (black) to π (bright). The four stripes in both (A) and (B) are caused purposely by a shift of echo by four sampling points (4∆t) in the read (vertical) direction. This feature makes it possible to view the laminar phase profile clearly. (The Fourier transform shift theorem implies that a shift in k-space will result in a phase variation in the reconstructed image.)
Figure B7.2.4 An ideal velocity compensated phase encoding gradient waveform. by flow. An example of an uncompensated and a slice select compensated transverse scan through the leg is shown in Figure B7 .1.2. The image is dramatically improved with flow compensation. Figure B7 .2.7 shows a velocity-compensated sequence in all three directions (read, phase encoding, and slice select). In the slice select direction of this figure, both the slice select gradient and partition encoding tables are designed to compensate the velocity (eliminate the phase dependence on velocity, the latter specifically) at the echo time. In the advanced material section, we will discuss, in detail, how to calculate the desired compensated gradients in all three directions to obtain good images. An example of a phantom result has been shown in Figure B7 .1.8. One can see that the bright line artifact (sometimes referred to as a streamline artifact) in the cylinder does not exist when the velocity compensated sequence is used. 
TECHNICAL DISCUSSION

Velocity Compensation Concepts Along the Read Direction
One solution to the problem of image degradation due to flow along the read direction is to add another lobe to the read gradient ( Fig. B7 .2.1A). The additional gradient lobe is introduced to ensure that the phase at the echo is zero for both stationary and constant velocity moving spins, independent of the velocity of the moving spins. These conditions lead to two equations, one for the zeroth moment (M 0 ) of G R (t) (which is proportional to the stationary part of the phase similar to Equation B7.1.9) and one for the first moment (M 1 ) of G R (t) (which is proportional to the velocity portion of the phase similar to Equation B7.1.10): Figure B7 .2.7 An actual fully velocity compensated 3-D sequence used for MR venographic imaging. All timing scales are accurately drawn from the original sequence. Gradient lobes and/or encoding tables are proportionally scaled within each direction. However, the relative magnitudes of the gradient lobes from different directions do not reflect their correct ratio in the sequence. The bandwidth of the RF pulse is 8175 Hz in this sequence. The echo time is 19.11 msec and the sampling time is 12.8 msec. The starting times for the RF pulse and the first gradient lobe in the read direction are 1200 µsec and 6470 µsec, respectively. Other sequence parameters are shown in Table B7 .2.1.
and:
When v x is zero, the phase only has a stationary component. This phase-i.e., the zeroth moment M 0 (F E )-must be zero to get an echo. The first moment, M 1 (F E ), must be zero to guarantee the velocity associated phase is zero at the field echo time F E independent of v x itself. The constant velocity v x is kept in Equation B7.2.2 to demonstrate that, if these two equations can be solved for a fixed set of timings, the solution will be independent of v x . The tri-lobed design is used, generally, for velocity compensation.
Consider an example of velocity compensation. In Figure B7 .2.1, the amplitudes of the two preparatory lobes G 1 and G 2 need to be found in terms of the physically limited readout gradient lobe of amplitude G. The two moment conditions (zeroth and first moments) lead to the following equations involving unknown gradient amplitudes and the timings shown in Figure B7 .2.1: This set of conditions creates a nulling of phase at the echo φ(T E ) = 0, independent of the speed of flow, known as velocity compensation (see Fig. B7 .2.1). This sequence actually has two gradient echoes, one at 3τ/2 and one at 3τ. (Only the second echo is flow compensated.) We discuss the concept of general even echo rephasing in the next section.
Velocity compensation avoids intravoxel spin dephasing and maintains constant phase at the echo independent of v x . Of course, depending on the field-of-view (FOV) and resolution, it may not be possible to attain a value of 2G, in which case, a solution for the gradient timings must be sought to reduce the gradient amplitudes. To check this, use the Nyquist theorem (to find G) which requires:
where L x is the FOV in the x-direction and ∆t is the sampling interval along the read direction.
Generally, in designing velocity compensated sequences, it is important to minimize the echo time because of T 2 * signal loss and the presence of background magnetic field gradients induced by the body itself. In addition, it is important to keep the field echo time as short as possible to avoid higher order flow effects such as those caused by acceleration or flow through such a background gradient. In any case, the application of velocity compensation can make a dramatic difference in the image quality for flowing blood, a prerequisite for good MR angiographic imaging. Such an example is shown in Figure B7 .2.3.
A demonstration of how velocity compensation affects the phase of flowing spins is shown in Figure B7 .2.2 where a cylinder containing flowing spins passes through an otherwise uniform phantom. The phase of the spins in Figure B7 .2.2A clearly follows a parabolic (laminar) profile within the cylinder when velocity compensation is not applied. However, when velocity compensation is applied (Fig. B7.2.2B ) the phase of the flowing spins is uniform and the same as that for the stationary tissue.
It is possible to add more lobes and compensate for higher-order effects such as acceleration as well. However, the acceleration-associated phase term is, usually, small compared to the stationary and velocity phase terms. It is important to remember that if motion compensation is performed up to nth order flow, not all higher-order effects are compensated (although some may).
Even echo rephasing
It is an interesting result that when a series of multiple gradient echoes are generated following a single RF excitation, all of the even gradient echoes may be velocity compensated. This phenomenon is referred to as even echo rephasing. For example, the structure in Figure B7 .2.1A can be considered a double echo, gradient echo sequence. Sampling could take place during the negative lobe of amplitude −2G as well as during the third lobe of amplitude G. This is an example of even echo rephasing which in turn represents the property that a time-reversed symmetric gradient is velocity compensated. To see this, assume that G(F E − t) = G(t) (i.e., this is a symmetric function about the time F E /2) and that the sequence is compensated for stationary spins, i.e., the zeroth moment of G(t) vanishes. This assumption leads to the following identity:
The time origin is set to the onset of the first gradient lobe. Then, the first moment at the field echo time where flow compensated data are acquired is:
Because the first echo occurs at F E /2, that is, the zeroth moment is zero there, M 1 (F E ) = 0 as postulated.
Importance of time-origin in moment calculations
Suppose there is a general gradient waveform G(t) with no special properties and that we want to calculate the nth moment of this gradient waveform at time t 1 . Assume that the gradient waveform starts at time t 0 and is zero prior to this time. Then:
by definition. Shifting origins so that t′ = t − t 0 :
(by assumption) n in a binomial expansion gives:
From Equation B7.2.14, it is clear that M n (t 0 , t 1 ) is the same as M n (0, t 1 − t 0 ), i.e., the nth moment is independent of time-origin, if and only if:
In conclusion, the time-origin in a general nth moment calculation can be chosen arbitrarily only when all lower-order moments of that gradient waveform are zero at the point of interest; otherwise, moment calculations must be with respect to a particular time (for example, T E ). This will have important consequences for studying velocity compensation for the phase encoding gradient.
Velocity Compensation Along the Slice Select Direction
Flow or motion which occurs along the slice select direction during the slice select process can also lead to signal loss and image degradation. Velocity compensation in the slice select direction is critical to obtaining an artifact-free image in the presence of motion (see Fig. B7 .1.2). Motion compensation along the slice select direction is achieved by adding an additional slice select gradient lobe, using an analogous method to that employed in the read gradient case. Gradient lobes are chosen such that the zeroth and first moment of the slice select gradients are zero at the end of the slice select process (t = t 1 ) as demonstrated in Figure B7 .2.6. The approximation is generally used that the center of the RF pulse is the time when spins are tipped into the transverse plane (t = 0) which is accurate for low flip angles, at least. To demonstrate the design, the analogous structure from Figure B7 .2.1 is shown in Figure B7 .2.6 for the slice select direction in a 2-D (Fig.  B7 .2.6A) and a 3-D (Fig. B7 .2.6B) sequence.
In the real 3-D sequence shown in Figure B7 .2.7, the slice select gradients compensate the flow at the echo time as well as at the end of these gradient lobes (at the starting time of the partition encoding tables). This is because the time-origin of the first moment does not matter (as discussed above) when the zeroth moment is zero. In this case, when these gradient lobes eliminate the phase caused by flow, both the zeroth and first moments are zero at any time after the end of these gradient lobes. The time-origin becomes important when we place the encoding tables in the sequence where the sum of zeroth moments is not zero.
Note that the phase encoding in a 3-D sequence can be done separately if a short T E is not required (Fig. B7.2.6B ). This also allows a higher resolution in the slice select direction. For example, when the partition encoding is superimposed on top of gradient G 3 (Fig.  B7 .2.6C), the Nyquist criterion limits the resolution in the z direction to be:
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where G max is the maximum gradient set by the hardware limitation and τ pe is the duration of the encoding. For the same number of partition encoding steps, clearly, if G 3 is zero, i.e., if the encoding table is placed separate from G 3 , then the highest resolution in the z direction which can be achieved is:
On the other hand, combining the third lobe with the phase encoding table allows the echo time to be shortened ( Fig. B7.2.6C ).
Velocity Compensation Along Phase Encoding Direction
In the phase encoding direction, say y (as well as for the partition encoding direction for 3-D imaging), the effects of motion are different from those in the read direction. For this section, constant plug-like flow will be assumed since the results obtained here can be extended easily to the more general laminar flow and pulsatile flow cases. The vessel is also assumed to be in-plane so there is no flow along the slice select direction.
Velocity compensating phase encoding gradients
As shown in the previous unit, the primary motion effect in the phase encoding direction is a spatial shift of the vessel which occurs because of movement of the isochromat between times t pe and T E (see Fig. B7 .1.7). The solution to the shift artifact lies in designing a phase encoding gradient which is capable of encoding the position of the constant velocity isochromat at the echo rather than at the center of the phase encoding table (as it occurs in the single phase encoding gradient lobe case). In the signal processing view of this problem, the spatial misregistration was seen to be a manifestation of the extra phase accumulated by moving isochromats because the single-lobed gradient had a nonzero first moment. Therefore, a velocity compensating phase encoding gradient is needed to null the first moment on a time-scale with the echo time as its origin, even though the zeroth moment is not nulled here as it is in the case of a velocity compensating read gradient. Mathematically stated, the two equations which need to be satisfied by a velocity compensating phase encoding gradient waveform are:
and where the time origin is at the echo time T E . From a physical perspective, when the data are read out using a read gradient, all spins at a given x position (at the echo time T E ) will be measured. They will have come from somewhere else but are all measured at one x value. Therefore, solving for Equation B7.2.18 and Equation B7.2.19 will prevent the usual misregistration artifact but only with respect to the time T E .
Using the experience acquired in velocity compensating the read gradient, consider two pulsed phase encoding gradients, where a second lobe is added to give an additional degree of freedom so that the first moment could be nulled at the echo time as well as satisfying the zeroth moment requirement for phase encoding. The velocity compensated gradient waveform is shown in Figure B7 .2.4 for a single phase encoding step. The zeroth moment condition reduces to: Taking a closer look at the problem at hand, there are two equations that must be satisfied; yet, in the above-described procedure, there are four freely variable parameters (G − , G + , τ − , and τ + ). This means that there are more degrees of freedom than equations. As a result, this system of equations leads to more than one possible solution. If more constraints are included in the gradient waveform design stage, it may be possible to obtain a unique solution by solving a constrained, nonlinear optimization problem as long as the constraints are reasonable. Possible constraints on t 1 ′ come from field echo time in the readout direction and spatial resolution in the phase encoding direction. The gradient-step waveform thus obtained, and the maximum gradient capability of the system will then determine the maximum number of phase encoding steps (N y,max ) and, hence, the spatial resolution along y.
A more realistic gradient waveform along the phase encoding direction is shown in Figure  B7 .2.5. We can follow the same procedure presented above to obtain the appropriate values of G + and G − such that this waveform is velocity compensated. Again, the zeroth moment should satisfy: A comparison of a compensated and an uncompensated sequence in the phase encoding direction is shown in Figure B7 .1.8. The laminar profile generates a marked peak to the left since the rapid center flow shifts a large distance (in this instance, to the edge of the tube) while the spins to the left of the center shift less but still tend to fall close to the left edge. The sum total of these shifts gives the profile shown in Figure B7 .1.8C. The velocity compensated sequence does an excellent job of putting the spins back to where they belong (as evident in the rather uniform profile across the tube in Fig. B7 .1.8D). 
